ABSTRACT. If is a set of matroids, then Ex( ) denotes the set of matroids that have no minor isomorphic to a member of . If ⊆ , we say that is superfluous if Ex( − )−Ex( ) contains only finitely many 3-connected matroids. We characterize the superfluous subsets of six well-known collections of excluded minors.
INTRODUCTION
If is a set of matroids, then let Ex( ) be the set of matroids such that M ∈ Ex( ) if and only if M has no minor isomorphic to a member of . Thus, if = {U 2,4 ,
, M * (K 5 )}, then Ex( ) is the set of graphic matroids of planar graphs. Hall's classical theorem on the graphs without a K 3,3 -minor [5] can be interpreted as saying that Ex( − {M (K 5 )}) − Ex( ) contains only a single 3-connected matroid, namely M (K 5 ) itself. This motivates the following definition: if is a set of matroids, then ⊆ is a superfluous subset of if Ex( − )−Ex( ) contains only finitely many 3-connected matroids. Thus {M (K 5 )} is a superfluous subset of . Obviously every subset of a superfluous subset is itself superfluous. In this article we characterize the superfluous subsets of six well-known collections of excluded minors.
We will concentrate on the excluded minors for classes of matroids representable over partial fields. Partial fields were introduced by Semple and Whittle [15] , prompted by Whittle's investigation of classes of ternary matroids [20, 21] . A partial field is a pair (R, G), where R is a commutative ring with identity, and G is a subgroup of the multiplicative group of R, such that −1 ∈ G. Note that every field, , can be seen as a partial field, ( , − {0}). For more information on partial fields, and matroid representations over them, we refer to [14] .
To date, the class of matroids representable over a partial field has been characterized via excluded minors in only six cases. Those cases are: the fields GF(2), GF(3), and GF(4), the regular partial field, and two of the partial fields discovered by Whittle, namely the sixth-roots-of-unity partial field, and the The third author was supported by NWO. 1 near-regular partial field. We will characterize the superfluous subsets of all these collections of excluded minors. First of all, Tutte [19] showed that the only excluded minor for the class of GF(2)-representable matroids is U 2, 4 . It is clear that the only superfluous subset in this case is the empty set. For a more interesting example, we examine the regular partial field, 0 := ( , {1, −1}). Tutte also proved that the set of excluded minors for 0 -representable matroids is {U 2,4 , F 7 Let := ( , {z ∈ | z 6 = 1}) be the sixth-roots-of-unity partial field, so that a matroid is -representable if and only if it is both GF(3)-and GF (4) 
Let
be the set of excluded minors in Theorem 1.7.
We note here that all undefined matroids appearing in the paper can be found in the appendix of Oxley [10] . We assume that the reader is familiar with the terminology and notation from that source. We use the terms line and plane to refer to rank-2 and rank-3 subsets of the ground set. By performing a ∆-Y exchange on AG(2, 3)\e, we obtain ∆ 3 (AG(2, 3)\e), which is represented over GF(3) by [I 4 A], where A is the following matrix. 
The paper is built up as follows. In Section 2 we use Seymour's Splitter Theorem to prove that certain subsets are superfluous. To prove that a subset {M } is not superfluous, we need to generate an infinite number of 3-connected matroids in Ex( − {M }) − Ex( ). We do so by the simple expedient of growing arbitrarily long fans. Section 3 proves the technical lemmas that allow us to do so. In Section 4 we introduce several matroids to which our method of growing fans will be applied, and in Section 5 we will round up the results. Note that the proofs in Sections 2 and 4 are finite case-checks that could be replaced by computer checks. However, at the moment of writing no sufficiently reliable software for this existed.
APPLYING THE SPLITTER THEOREM
The following result is very well-known [10 (5, 6, 12) .
Since each of U 2, 6 , U 4, 6 , P 6 has a minor in {U 2,5 , U 3,5 }, we immediately have
, and M has a P 8 -minor, then M is a minor of S (5, 6, 12) .
Next, we determine what happens if we don't exclude AG(2, 3)\e. Our starting point is the automorphism group of AG(2, 3)\e. Note that it is transitive on elements of the ground set ([10, Page 653]). For each element p in AG(2, 3)\e, there is a unique element p such that p and p are not on a 3-point line of AG(2, 3)\e. Any automorphism will map {p, p } to another such pair, so specifying the image of p also specifies the image of p . Consider automorphisms of the diagram in Figure 1 that pointwise fix 1 and 8. It is easy to confirm that the permutations below (presented in cyclic notation), (2) (1)(2, 4)(3, 7)(5, 6)(8) and (3) (1)(2, 3, 5)(4, 6, 7)(8) Proof. If x is any element of AG(2, 3)\e, then let x be the point that is in no 3-point line with x. Let B = {p, q, r}. The hypotheses of the lemma imply that |{p, q, r, p , q , r }| = 6. Let e pq be the unique point such that {p, q, e pq } is a circuit. Define e pr and e qr in the same way. Then |{p, q, r, e pq , e pr , e qr }| = 6. As AG(2, 3)\e contains only 8 points, we can relabel as necessary, and assume e qr is in {p , q , r }. Since e qr is in a non-trivial line with q and r, it follows that e qr = p , so that {p , q, r} is a circuit. Let B = {k, l, m}. By relabeling and using the same arguments, we can assume that {k , l, m} is a 3-point line of AG(2, 3)\e.
Consider the automorphism that maps k to p. It must map k to p . By composing this automorphism with an automorphism that fixes p and p , and referring to Lemma 2.5, we can assume that l is mapped to q. But an automorphism maps lines to lines, so then m must be mapped to r, and the result follows.
In the proof of the next lemma we will show several times that a matroid
. Unless the isomorphism is obvious (i.e. one merely needs to permute rows and columns), we will specify which isomorphism we use. For this we use the representation of ∆ 3 (AG(2, 3)\e) with elements labeled as in (1) . Moreover, we will label the elements of P 8 
, where A 7 and A 8 are the following matrices over GF (3) . Let e be an arbitrary point in E(M ). Then M /e is a simple rank-3 matroid with 7 points. Since M has no 5-point planes, M /e has no 4-point lines.
Hence M /e cannot be the union of two lines, so it is 3-connected. Then M /e is isomorphic to one of the matroids
Since M /e is -representable, it is not isomorphic to F 7 or F − 7 . Furthermore, O 7 contains a 4-point line, so M /e must be isomorphic to P 7 . By the uniqueness of representation over GF(3), we can assume that the following GF(3)-matrix
As M has no 3-point lines, all of α, β, and γ are non-zero. By scaling the row labeled e, we assume that α = 1. If γ = δ then {1, 6, 7} is a triangle. It follows that γ = δ.
A represents P 8 , which is impossible as M is GF(4)-representable. Therefore δ = 1. By the discussion above, M /1 ∼ = P 7 . But in M /1, the sets {2, 4, e}, {3, 5, e}, and {6, 7, e} are triangles containing e, whereas {3, 5, e}, {4, 5, 6}, and {2, 5, 7} are triangles containing 5. This is a contradiction, since P 7 has only one element that is on three lines. Therefore β = −1. It follows that δ = 0, or else {4, 5, 7} is a triangle of M . Assume that γ = −1, from which it follows that δ = 1. Then we find that
Therefore we must have γ = 1, and hence δ = −1. But then again M ∼ = P 8 , with isomorphism
From this final contradiction we conclude that the claim holds.
Let X be a set of 5 points of a plane of M , and 
Hence α = −1. But now M\7 ∼ = ∆ 3 (AG(2, 3)\e). This completes the analysis in Case I. From now on, we assume that Y is not a triangle of M / f . We will also assume that if X spans an element y ∈ Y , then there is no triangle T of M / f that contains Y − y. To justify this assumption, note that if Therefore α = −1. But now M\6 ∼ = ∆ 3 (AG(2, 3)\e), with isomorphism
The result follows.
We must now study coextensions of AG (2, 3) . Luckily our previous analysis can be used for this. Proof. Let M be as stated, and suppose the result is false, so for each element g = f , M\g is not 3-connected. Since M\g/ f is 3-connected, g must be in a triad with f . Two distinct triads T 1 and T 2 , both containing f , intersect only in f , or else M / f ∼ = AG(2, 3) contains a triad. From this we find that M\ f can be partitioned into series pairs. However, this matroid has an odd number of elements, a contradiction. Proof. Let g be an element as in Lemma 2.8. Then M\g is a matroid satisfying all conditions of Lemma 2.7, and the result follows. Now we combine the previous results and the Splitter Theorem to prove the following theorem.
Theorem 2.10. Let M be a 3-connected matroid in
Ex({U 2,5 ,
Then either M is near-regular, or one of M and M
* is isomorphic to a member of {AG(2, 3)\e, AG(2, 3)}.
Proof. By the excluded-minor characterization of -representable matroids (Theorem 1.7), it follows that M is -representable. We assume that M is not 1 -representable. Then Theorem 1.9 implies that M contains a minor isomorphic to AG(2, 3)\e or its dual. By duality, we assume that M has an AG(2, 3)\e-minor. If M ∼ = AG(2, 3)\e, we are done, so we assume otherwise. By Seymour's Splitter Theorem, M contains a 3-connected minor M , such that M is a single-element extension or coextension of AG(2, 3)\e. Lemma 2.7 implies that M is a single-element extension of AG(2, 3)\e. Thus M is simple and r(M ) = 3. Moreover |E(M )| = 9, so [12, Theorem 2.1] implies that M ∼ = AG(2, 3). If M = M , we are done, so we assume that M has a 3-connected minor M , such that M is a single-element extension or coextension of AG(2, 3). But r(M ) > 3, or else we have contradicted [12, Theorem 2.1]. Therefore M / f ∼ = AG(2, 3), for some element f . Corollary 2.9 implies that M has a ∆ 3 (AG(2, 3)\e)-minor, a contradiction.
CREATING BIGGER FANS
In this section we prove two results that allow us to replace a fan by a bigger fan while keeping a certain minor N , without losing 3-connectivity, and without introducing an undesired minor N (subject to the conditions that N is 3-connected and has no 4-element fans). We will use Brylawski's generalized parallel connection [2] for this. We refer the reader to Oxley [10, Section 11.4] for definitions and elementary properties, including the following:
Lemma 3.1. Let M and N be matroids having a common restriction T , which is moreover a modular flat of N . Let M := P T (N , M ). (i) A subset F ⊆ E(M ) is a flat of M if and only if F ∩ E(N ) is a flat of N and F ∩ E(M ) is a flat of M ; (ii) M |E(N ) = N and M |E(M ) = M ; (iii) If e ∈ E(N
Let M be a matroid on the ground set E. A subset of E is fully-closed if it is closed in M and M * . If X ⊆ E, then fcl(X ) is the intersection of all fully-closed sets that contain X . We can obtain fcl(X ) by applying the closure operator to X , applying the coclosure operator to the result, and so on, until we cease to gain any new elements.
Lemma 3.2. Let M be a simple, cosimple, connected matroid, and let (A, B) be a
2-separation of M . Then (fcl M (A), B − fcl M (A)) is a 2-separation.
Proof. It is simple to verify that
is not a 2-separation, then |B − fcl M (A)| < 2. This means that we can order the elements of B as
In either case we have a contradiction. Definition 3.3. Let M be a matroid, and F = (x 1 , x 2 , . . . , x k ) an ordered subset of E(M ), with k ≥ 3. We say F is a fan of M if, for all i ∈ {1, . . . , k − 2},
} is either a triangle or a triad, and if T i is a triad, then T i+1 is a triangle; if T i is a triangle then T i+1 is a triad.
Assume that F = (x 1 , . . . , x k ) is a fan. Then F is a fan of M * . We say that F is a maximal fan if there is no fan ( y 1 , . . . , y l ) such that l > k and {x 1 , . . . , x k } ⊆ { y 1 , . . . , y l }. We say x i is a rim element if 1 < i < k and x i is contained in exactly one triangle that is contained in {x 1 , . . . , x k }, or if i ∈ {1, k} and x i is contained in no such triangle. We say x i is a spoke element if it is not a rim element. In what follows, the elements of the wheel M ( n ) and whirl n are labeled {s 1 , r 1 , s 2 , . . . , s n , r n } where, for all indices i (interpreted modulo n), {s i , r i , s i+1 } is a triangle and {r i , s i+1 , r i+1 } is a triad. Hence, {s 1 , . . . , s n } is the set of spokes and {r 1 , . . . , r n } is the set of rim elements. x 1 , r 1 , s 2 , r 2 , . . . , s n−1 , r n−1 , x 3 , . .
. , x k ) is a fan of M ; (ii) M is isomorphic to a minor of M , with the isomorphism fixing all elements but x 2 ; (iii) M is 3-connected;
Proof. Let M , F , T , n, M , and M be as stated, and define N := M ( n ). Statement (ii) is a straightforward consequence of Lemma 3.1 and the observation that M ( n ) has a minor in which {s 1 , r n , s n } is a triangle and some element is in parallel with r n . Statement (iii) follows immediately from [13, Corollary 2.8].
We will denote the matroid M , as described in the statement of Theorem 3.5, by n T (M ). Theorem 3.5 shows that we can make a fan arbitrarily long while keeping 3-connectivity. Our next task is to show that we can do so without introducing certain minors. The following lemma, whose elementary proof we omit, will be useful: Proof. It is clear that we can apply Theorem 3.5. Thus n T (M 9 ) is 3-connected. Since M 9 \9 is isomorphic to ∆ 3 (AG(2, 3)\e), it follows that n T (M 9 ) has a ∆ 3 (AG(2, 3)\e)-minor for any n ≥ 3. If the lemma is false, then by Theorem 3.7, either M 9 or ∆ T (M 9 ) contains as a minor a ternary member of − {∆ 3 (AG(2, 3)\e)}, which is to say, one of F
We start by noting that in M 9 /7, the sets {3, 5, 8, 9} and {1, 2, 4, 9} are 4-point lines. Therefore any 7-element restriction of M 9 /7 has either a 4-point line or two disjoint triangles. It follows that M 9 /7 has no minor in . As {2, 3, 4, 6} and {3, 5, 7, 9} are 4-point lines of M 9 /8, we can also see that M 9 /8 has no minor in . The triangles of M 9 are {1, 2, 9}, {3, 5, 9}, and {3, 4, 6}. It follows easily that every 8-element restriction of M 9 contains at least one triangle, so M 9 does not have P 8 as minor. The rank of M 9 is too low to have (AG(2, 3)\e) * as minor. If M 9 has AG(2, 3)\e as minor, then this minor must be obtained by a single contraction. Since AG (2, 3) \e is simple, we cannot contract an element from a 3-point line. This leaves only elements 7 and 8, and we have already decided that contracting either of these does not produce a minor in .
Suppose M 9 has a (F − 7 ) * -minor. To obtain this minor we must delete two elements in such a way that no triangles remain. Since deleting 9 gives us ∆ 3 (AG(2, 3)\e) again, which has no (F − 7 ) * -minor, we must delete 3 and one of {1, 2}. But M 9 \{1, 3} has disjoint triads {2, 4, 6} and {5, 7, 9}, whereas M 9 \{2, 3} has disjoint triads {1, 7, 8} and {4, 5, 9}. Hence neither is isomorphic to (F − 7 ) * . Therefore we assume that M 9 has an F − 7 -minor. We must contract a single element from M 9 , and then delete a single element to obtain a copy of F − 7 . If we contract either 3 or 9, then we produce two disjoint parallel pairs, which cannot be rectified with a single deletion. If we contract one of 1, 2, 4, or 6 then we create a single parallel pair, so up to isomorphism we must delete, respectively, 2, 1, 6, or 4 to obtain a copy of F − 7 . But in these minors, the triangle {3, 5, 9} is disjoint from, respectively, the triangles {6, 7, 8}, {4, 6, 8}, {1, 2, 7}, and {1, 7, 8}. Therefore we do not contract 1, 2, 3, 4, 6, 7, 8, or 9. If we contract 5, then up to isomorphism we must delete 3 to obtain a copy of F − 7 , but in this minor {1, 4, 8} and {2, 6, 7} are disjoint triangles. Thus M 9 does not contain a minor in − {∆ 3 (AG(2, 3)\e)}. Assume that ∆ T (M 9 ) contains a minor N that is isomorphic to a ternary member of
so N is isomorphic to a minor of M 9 . Since this contradicts the conclusion of the previous paragraph, it follows that T is a triad of N . Therefore N is isomorphic to (F . But ∆ 3 (AG(2, 3)\e) is a self-dual matroid, so M 9 has a minor isomorphic to ∆ 3 (AG(2, 3)\e) that contains {3, 5, 9} in its ground set. To obtain this minor, we must delete a single element, but in each case the result has two triangles, namely {3, 5, 9} and at least one of {1, 2, 9} and {3, 4, 6}. This is a contradiction as AG(2, 3)\e has only one triangle.
For a third infinite class, consider the following matrix, A, over GF (8) . Here α is an element that satisfies α
A geometric representation of M 7 can be found in Figure 4 . (5, 6, 12) . Thus {P 8 , P = 8 } is superfluous. As Ex( − {U 2,6 }) − Ex( ) contains all rank-2 uniform matroids with at least 6 elements, {U 2,6 }, and by duality {U 4,6 }, is not contained in any superfluous subset. By Lemma 4.1, the set Ex( − {F * }, is not contained in any superfluous subset. Finally, Lemma 4.3 shows that Ex( −{P 6 })−Ex( ) contains an infinite number of 3-connected matroids, so {P 6 } is not contained in any superfluous subset.
Proof of Theorem 1.8. Let M be a 3-connected matroid in Ex( − {F 7 , P 8 }) − Ex( ). If M has an F 7 -minor, then Theorem 2.2 implies that M ∼ = F 7 . Hence we assume that M does not have an F 7 -minor, so that M has a P 8 -minor. Corollary 2.4 says that M is a minor of S (5, 6, 12) . Therefore {F 7 , P 8 } is superfluous. Duality implies that the only 3-connected matroids in Ex( −{F * If M contains an F 7 -minor, then Theorem 2.2 implies that M ∼ = F 7 . We assume that M has no F 7 -minor. Then Theorem 2.10 says that M is isomorphic to AG(2, 3)\e, AG(2, 3), or the dual of one of these matroids. Therefore {F 7 , AG(2, 3)\e, (AG(2, 3)\e) * } is superfluous. By duality, {F * 7 , AG(2, 3)\e, (AG(2, 3)\e) * } is superfluous. As Ex( − {U 2,5 }) − Ex( ) contains infinitely many uniform matroids, and Ex( − {F * } is contained in a superfluous subset. Moreover, Ex( − {∆ 3 (AG(2, 3)\e)}) − Ex( ) contains all matroids of the form n T (M 9 ), by Lemma 4.2. Therefore {∆ 3 (AG(2, 3)\e)} is contained in no superfluous subset. Again, we observe that Ex( − {F 7 , F * 7 }) − Ex( ) contains infinitely many binary matroids, so the proof is complete.
We conclude with the remark that, although our characterizations of Ex( ) are strong when contains all non-superfluous excluded minors in our class, we have made no attempt to characterize the infinite families. Clearly some of these families are highly structured. For instance, it is known that every rank-3 matroid with a U 2,5 -minor also has a U 3,5 -minor.
